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Abstract
We report simulations of undular hydraulic jumps occuring in a two-phase ﬂow. Unlike undular bores (in rivers), where the inter-
face remains horizontal the low Reynolds hydraulic jumps show linear increase in height of the incoming ﬂow due to viscosity.
Consequently, the presence or absence of the undulations depends both on the inlet Froude and Reynolds number unlike bores
where a Froude number criterion is traditionally considered suﬃcient. In our simulations, these undulations display a separated
vortex underneath every crest. Despite the strong inﬂuence of viscosity, we show that the theory of Benjamin & Lighthill, Proc.
Roy. Soc. Ser. A, 19546 remains relevant in understanding the occurrence of these undulations.
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1. Introduction
Hydraulic jumps have been known at least since the times of Leonardo da Vinci. They form transiently when
deeper ﬂuid gets pushed into a shallower and stagnant body of ﬂuid1. For example, a tidal wave wave entering a
river progressively steepens at its front forming what is popularly known as a tidal bore. If the initial diﬀerence in
elevation between the two levels of ﬂuid is not too large2, a series of undulations develop downstream of this tidal
wave and this is popularly referred to as an undular bore. Hydraulic jumps can also occur as steady phenomenon
(in the lab frame) when a super-critical ﬂuid (Fr > 1) transitions to sub-critical (Fr < 1). For these stationary
jumps, undulations occur downstream of the jump provided the ratio of the downstream to the upstream height is not
too large3. Such undular jumps have received quite a lot of attention. One of the earliest experimental data on the
traveling jump was reported by Favre2. Rayleigh4 considered these jumps as a shock-like discontinuity and with a
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Fig. 1. A Rayleigh shock4 going from height H1 and an uniform velocity U1 to H2 and U2.
hydrostatic assumption on pressure, derived conditions on the continuity of mass (Q), energy (R) and momentum (S )
ﬂux for an inviscid, uniform ﬂow. He further showed that all of these three quantities cannot be continuous across a
shock. Considering Q and S continuous, the energy ﬂux R becomes discontinuous. For a shock-like discontinuity as
shown in Fig. 1, using continuity of Q and S Rayleigh obtained the following relations,
H2
H1
=
−1 +
√
1 + 8Fr21
2
, ΔR = Q
g(H2 − H1)3
4H2H1
, (1)
where Fr21 ≡ U21/gH1 and ΔR represents the diﬀerence between the incoming and the outgoing energy ﬂux. Lemoine5
in his study of undular jumps suggested that the undulations were inﬁnitesimal sinusoidal waves created in order to
radiate the excess incoming energy ΔR at the discontinuity. In a consequent seminal paper, Benjamin and Lighthill 6
suggested (on the basis of earlier suggestions and data by Keulegan & Patterson7) instead that these were cnoidal
rather than sinusoidal waves. Since cnoidal waves are long waves of ﬁnite amplitude, the equation governing them is
a KdV equation and Benjamin & Lighthill 6 showed that the coeﬃcients of this equation would be the parameters Q,
R and S while also showing an interesting interpretation for the occurrence of these cnoidal waves.
In this study, we simulate hydraulic jumps formed in a two-phase ﬂow. The liquid phase ﬂows on a ﬂat horizontal
plate into the ambient lower density gaseous phase. The liquid ﬁlm thus formed is thin enough for the ﬂow to be
entirely viscous. Due to the horizontal nature of the ﬂow, there is no fully-developed solution of the Navier-Stokes
equations. Instead the velocity (and ﬂuid interface) proﬁle evolves continuously in the stream-wise direction with
a hydraulic jump at a certain location. We ﬁnd that depending on the inlet Froude and Reynolds number, these
hydraulic jumps can exhibit undulations dowstream of the jump with a separated vortex beneath every crest. We
employ Benjamin and Lighthill’s6 inviscid analysis arguments to rationalize these undulations in viscous jumps10.
2. Numerical simulations of laminar hydraulic jumps
Figure 2 shows a schematic of the computational domain and a cartoon of an undular hydraulic jump obtained in
such a geometry. The present numerical simulations are performed using an open-source code GERRIS8,9. Gerris is a
Navier-Stokes solver which uses the Volume of Fluid algorithm for resolving two phase ﬂows. The essential governing
parameters10 are the inlet Reynolds and Froude numbers deﬁned as Re ≡ UavH/ν and Fr2i ≡ Uav/gH where Uav is the
average velocity and H is the ﬂuid ﬁlm thickness at the inlet and ν and g are the kinematic viscosity and gravitational
acceleration, respectively. The dynamic viscosity and density ratios of the gaseous and the ﬂuid phases are chosen to
be 0.01. In the present analysis we have neglected the role of surface tension. Downstream of the jump, ﬂuid ﬂows
down a ‘pit’ (see Fig.2). This arrangement allows us to circumvent the necessity of imposing an outﬂow boundary
condition at a vertical outlet which for two phase ﬂows, in the presence of gravitational acceleration, are known to
show upstream eﬀects. The results discussed below are valid for steady-state hydraulic jumps which were obtained by
allowing the simulations to run for approximately 10 times the time that it takes for a ﬂuid parcel injected at the inlet
to traverse the length of the ﬂow-domain with a velocity Uav. Beyond this, no changes were observed in the interface
proﬁle and a steady-state was reached. More details regarding the numerical formulation can been found in Ref.10.
Figures 3(a) and 3(b) show two types of hydraulic jumps that we obtain in our simulations corresponding to
Re = 180 and 125, respectively, for Fri = 6. Since the Froude number is the same in both the simulations, the
diﬀerence between the two simulations can be thought of purely due to the eﬀect of change in the viscosity of the
liquid. For Re = 125, we note that there is a vortex underneath the crests of the ﬁrst few undulations, whereas, for
Re = 180, no vortex is seen.
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Hydraulic Jump
Fig. 2. A schematic of the simulation geometry with an undular hydraulic jump. Apart from the wall directly in contact with the ﬂuid, all other
dashed walls are free-slip. For details of other boundary conditions, refer to Dasgupta, Tomar and Govindarajan 10.
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Fig. 3. A hydraulic jump (a) with weak undulations: Re = 180, Fri = 6. Rayleigh shock parameters: H1 = 0.2478,H2 = 0.429 & Fr1 = 1.54.
(b) with undulations Re = 125, Fri = 6. H1 = 0.23,H2 = 0.456 & Fr1 = 1.72. Note the separated bubble underneath the crests of the ﬁrst
few undulations (in the inset). It is a change of Re (rather than Fr1) which determines these undulations. Unlike bores, there seems to be no
clear relation between Fr1 and the presence of these undulations. The dashed lines (in green) are the Rayleigh shock ﬁts. The solid line (in red)
corresponds to h′Re = 1.8112
Assuming little loss of momentum across the jump, it is worthwhile to test the validity of the inviscid expressions
derived by Rayleigh4 based on mass and momentum balance. Pressure proﬁles obtained from these simulations
demonstrate (not shown here) that Rayleigh’s4 hydrostatic pressure assumption is a good approximation for these
jumps. However, since the interface proﬁle is not parallel the deﬁnition of H1 in Eq.1 is arbitrary (see Figs. 3(a)
and 3(b)). The region upstream of the jump is modeled well10,11 by a gravity-free similarity solution that was ﬁrst
obtained by Watson12. In Fig. 3(b) the upstream height-proﬁle is approximated by ﬁtting a straight line with slope
h′Re = 1.8. The deviation of this line from the height-proﬁle determines a location downstream of which the eﬀect of
gravity begins to become important and the interface deviates from the self-similar solution. In ﬁgures 3(a) and 3(b),
we approximate the x-location for H1 by choosing a point marking the transition from the upstream linear proﬁle with
h′Re  1.8 to a proﬁle of diﬀerent slope. Using this H1, we obtain a prediction of H2 from Eq. 1 as shown in Figs.
3(a) and 3(b) with dashed lines. We conclude from this that a) Rayleigh’s prediction for the downstream height H2
from Eq. 1 works reasonably well despite the neglect of viscosity and b) there does not seem to be any immediate
co-relation between Fr1 and the presence of undulations. We will show in the next section that what decides whether
these undulations occur or not is a combination of the losses in momentum (S ) and energy ﬂux (R).
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Fig. 4. The discriminant D of the cubic in Eq. 2. For a jump (Fig. 3(b)) which shows undulations, D becomes positive. As the Reynolds number
increases, the undulations gradually disappear and D asymptotically approaches zero from the negative side.
3. Undulations
We saw in the previous section that despite a certain amount of arbitrariness in our choice of Fr1, it seems that
the Rayleigh’s shock relation Eq. 1 gives a reasonable prediction of the downstream height. Yet, there seems to be
no clear relation between Fr1 and the presence of undulations unlike an inviscid bore where steady undulations are
observed for low values of the incoming Froude numbers3. We now turn to the arguments of Benjamin & Lighthill 6
to rationalize the formation of these undulations. The crucial point here is that unlike Rayleigh’s assumptions, in a
viscous hydraulic jump neither energy-ﬂux R nor momentum-ﬂux S is a conserved quantity. Benjamin and Lighthill 6
had shown that the following KdV equation governs the undulations downstream of bores,
Q
3
(
dh
dx
)2
+ gh3 − 2Rh2 + 2S h − Q2 = 0. (2)
As shown in 6, Eq. 2 is similar to the equation of a simple-harmonic oscillator (in space instead of time) and the cubic
polynomial is like a potential-energy term. The total energy of this is zero and hence oscillations in space become
possible if the cubic polynomial, has three real roots6. In our simulations however, the ﬂow is non-uniform and hence
the deﬁnition of Q, R and S need to be generalised as given below. Note that Q is still conserved while R(x) and S (x)
decrease along the streamwise direction owing to viscous losses.
Q =
∫ h
0
(x)udy, S =
1
2
gh2 +
∫ h(x)
0
u2dy, and R = gh +
1
2Q
∫ h(x)
0
u3dy, (3)
It is easily checked that for a uniform velocity-proﬁle, the above expressions reduce to those of6. With these def-
initions, one can compute these parameters numerically from the simulations. We do not aim to solve Eq. 2 with
streamwise varying coeﬃcients. Instead we estimate whether these generalized parameters are reliable spatial indica-
tors of oscillations. The discriminant D ≡ 3r2s2 + 6rs − 1 − 4(r3 + s3)6,10 (r ≡ R/Rc and s ≡ S/S c where Rc and S c
are the energy and momentum ﬂux6 of a stream with Fr = 1, Rc = (3/2)g2/3Qˆ2/3 and S c = (3/2)g1/3Qˆ4/3.) is now a
spatially varying parameter and if it remains positive, it implies that oscillatory solutions of Eq. 2 are possible. We
show in Fig. 4 the variation of D with stream-wise distance for Re = 125, 180 and 250 (the ﬁrst two correspond to
simulations of Fig. 3(a) and 3(b) respectively). With an increase in Re, D reduces and remains negative all along x
for Re = 250 whereas, goes only slightly positive for Re = 180. This behaviour is commensurate with the interface
proﬁle obtained with Re = 125 showing undulations with larger amplitude whereas for Re = 180 very small amplitude
oscillations are observed.
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4. Conclusions
We have shown that for viscous jumps, Rayleigh’s predictions (despite numerous assumptions) work reasonably
well in predicting the downstream jump height. In these viscous jumps, we ﬁnd downstream undulations with a sep-
arated vortex underneath. However unlike undular bores where the occurence of downstream undulations is reliably
predicted by the Froude number just upstream of the jump., it is not possible to relate Fr1 unambiguously to these
undulations. Due to the strong non-parallel nature of the ﬂow in the thin ﬁlm, the very deﬁnition of the upstream
Froude number becomes somewhat arbtrary. The presence or absence of these undulations is aﬀected both by the inlet
Reynolds and the Froude numbers. We further ﬁnd that for these viscous jumps, the inviscid KdV equation remains
relevant. We generalize the inviscid expressions of Benjamin & Lighthill 6 for momentum S and energy ﬂux R which
in the present case become spatially varying quantities. We obtain these paramters from numerical simulations and
ﬁnd that the discriminant of the cubic is a reliable indicator of the presence or absence of the undulations as in the
inviscid case. This discriminant is a spatially varying quantity, and for jumps it becomes positive. As the parameters
are varied and the undulations, diminish in intensity, this discriminant becomes zero asymptotically from the negative
side. Eﬀorts are underway to obtain a model which can predict the separated vortices underneath each undulation.
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